Our goal is to analyse singularities of integral models of Shimura varieties. One approach is to construct local models, which model the singularities of the corresponding integral model using linear algebra dada and find resolutions with mild singularities thereof. More precisely we will attack the question of existence of semi-stable resolutions. We will discuss an approach developed by Genestier. In this approach a candidate for a semi-stable resolution was given as the blow-up of a Grassmannian variety in Schubert varieties of its special fiber. Explicit calculations show that this approach does not work in general. Using the flatness of the local models, we describe these local models as Mustafin varieties for Grassmannian varieties. We combine several results on the structure of Mustafin varieties for projective spaces with the Plücker embedding to construct a candidate for a semi-stable resolution of local models. Under some additional assumptions this candidate generalises the approach suggested by Genestier. Furthermore under the same assumptions the new candidate agrees with the semi-stable resolution constructed by Görtz for small dimensions.
Introduction
In the study of Shimura varieties it is of great interest to construct models over the ring of integers O of the completion of the reflex field at a prime with finite residue characteristic p. These models should at least be flat and ideally have mild singularities. The special case of Shimura varieties of PEL type are moduli spaces of abelian varieties with some extra structures (polarisation, endomorphism and level structure). For parahoric level structures candidates for such models are constructed by Rapoport and Zink in [RZ96] by posing the moduli problem over O.
In the attempt to analyse the occurring singularities they define so called local models. These models are constructed as projective varieties over O and model the singularities of the integral models. More precisely every point in the integral model has anétale neighbourhood isomorphic to anétale neighbourhood of the corresponding local model. The advantage of local models is that they are cut out in a product of Grassmannian varieties by equations arising from linear algebra and hence are easier to handle. Although these models are not flat in general as pointed out by Pappas in [Pap00] , it was proven by Görtz that local models in the so called linear case and the symplectic case are flat (cf. [Gör01] and [Gör03] ). Further developments of local models for other cases and the question of their flatness can be found in [PRS13] . In the following we will focus on local models in the linear case with Iwahori level structure and study their singularities in this case. Below we will give a precise definition of the local model corresponding to this data. Now let O be any complete discrete valuation ring with uniformizer π, quotient field K and resedueclass field κ. For this case the local model over O is constructed as follows. Fix two natural numbers k < n. To shorten the notation we denote the set {0, . . . , n − 1} by [n]. Furthermore we fix the canonical basis {e i } i∈[n] of K n . For i ≤ n − 1 we denote by Λ i the lattice generated by the elements π −1 e 0 , . . . , π −1 e i−1 , e i , . . . , e n−1 and define the standard lattice chain Γ st to be ⋅ ⋅ ⋅ → Λ 0 → Λ 1 → ⋅ ⋅ ⋅ → Λ n = π −1 Λ 0 → . . . where the F i 's are locally free O S -submodules of Λ i,S of rank k that are Zariski-locally direct summands. This functor is represented by a closed subscheme of the product ∏ i∈[n] Gr k (Λ i ) of Grassmanian varieties. We can easily identify the generic fiber M loc K with the Grassmannian Gr n,r K , but the special fiber is much more complicated.
Let us illustrate some of the behaviour in the case n = 2 and k = 1 (cf. [Hai05, Section 4.4] ). If we further assume O = Z p then M loc models the singularities of the modular curve endowed with Γ 0 (p)-level structure. Fix a O-algebra R. To simplify the notation let us identify Λ 0,R and Λ 1,R with R ⊕ R. The R-valued points M loc (R) are now given by commutative diagrams of the form
where F i is an element in P 1 (R) for i = 1, 2. Let us fix local coordinates and take a pair (F 0 , F 1 ) ∈ P 1 (R) × P 1 (R). First we note that if F 0 is represented by a homogeneous column vector [x ∶ 1] t then the image [πx ∶ 1] t again represents an element in P 1 (R) hence has to coincide with F 1 . In particular this chart of the local model can be identified with A 1 O . Now let us assume that F 0 is represented by a homogeneous vector of the form [1 ∶ x] t and F 1 is represented by [y ∶ 1] t . In particular we see that the pair (F 0 , F 1 ) is in M loc (R) precisely when xy = π. Hence this chart of the local model is isomorphic to Spec (O[x, y] (xy − π)). Gluing the charts lets us identify M loc with the blow-up of P 1 O in the origin of the special fiber. In particular the special fiber M loc κ is consists of two projective lines P 1 κ intersecting transversally in one point.
Generalising the type of singularities of the example above leads to the notion of semi-stability defined below. More detailed discussions of this definition can be found for example in [dJ96] or [Har01] .
Definition. For a complete discrete valuation ring O with uniformizer π we call an O-variety X semi-stable ifétale locally X is of the form
for some r and m.
As a generalisation of the example above it is well known that the local models M loc in the so called Drinfeld case (cf. [RZ96] ), i.e for k = 1 and n arbitrary, are semi-stable (see [RZ96, Section 3 .69] cf. also [Fal01] or [Mus78] ). In [Fal01] Faltings also constructs toroidal resolutions for k = 2. We can also define a symplectic version of the local model cf. [Gen00] . This version is obtained by imposing a certain self-duality condition in the moduli description above. In loc. cit. a semi-stable resolution of the local model in the symplectic case for n ≤ 6 was constructed. It was also suggested in loc. cit. remark 3 at the end of section 2 that a similar construction produces a semi-stable resolution G → M loc in the linear case. Let us explain this construction for the linear rather than the symplectic case. Set G 0 ∶= Gr k (Λ 0 ) and inductively for 1 ≤ i < (n − k)k define G i to be the blow-up of G i−1 in the union of the strict transforms of the Schubert varieties of dimension i − 1 in the special fiber of Gr k (Λ 0 ). The last blow-up G (n−k)k−1 will be denoted by G. A semi-stable resolutionG → M loc for n ≤ 5 at least for an open neighbourhood of the "most singular point" was given in [Gör04] . Other cases of local models and their resolutions were studied in [Ric13] , [Krä03] and [PR05] .
Starting with the observation that the candidate G in [Gen00] does not factor through M loc for n = 5 and k = 2, our goal is to construct a candidate for a semi-stable resolution for arbitrary n and k. Therefore we consider the strict transform S of the projection M loc → Gr k (Λ 0 ) under the blow-up G → Gr k (Λ 0 ). For this strict transform we can show the following theorem:
Theorem. For n = 5 and k = 2 the blow-up S is a semi-stable resolution of M loc . By passing to a neighbourhood of the worst singularity of M loc one recovers the local semi-stable resolution defined in [Gör04] .
If G → Gr k (Λ 0 ) factors through M loc , the projection S → G is an isomorphism. We thus have shown, that S is a better candidate for a semi-stable resolution. But since it is hard to show the semi-stability of S (cf. [Gör04] ), we will adapt the idea of blowing up Gr k (Λ 0 ) and construct a candidate M for a semi-stable resolution as a blow-up M → Gr k (Λ 0 ) but with slightly different centers. The advantage of this approach is, that in some cases we might be able to use Lemma 1.22 by [Gen00] showing that semi-stability is preserved under blow-ups provided that the centers of the blow-ups are sufficiently nice. In contrast to loc. cit. we will use the language of Mustafin varieties and the recent results on their behaviour (cf. [CHSW11] , [AL17] ). Since M loc is flat (see [Gör01] ), we can identify it with the closure of the generic fiber embedded into ∏ Λ i ∈Γ st Gr k (Λ i ), which is by definition the Mustafin variety M Gr k Γ st . The main idea for the construction of M is to use the Plücker embedding Gr k (Λ 0 ) → P(⋀ k Λ 0 ) and a compatible embedding of M loc into the Mustafin variety
We expect that these two Mustafin varieties have the same number of irreducible components of their special fibers. In this case we describe an explicit bijection of the sets of irreducible components in Conjecture 2.1 (see Section 2.2 for a more detailed discussion). We prove Conjecture 2.1 for k ≤ 2 and n arbitrary and we also check the cases n ≤ 7 and k arbitrary by computer. It would be interesting to study whether the restiction k ≤ 2 in [Fal01] is related to a similar statement. Assuming the conjecture, we can show the following behaviour of the embedding
Proposition. Assume Conjecture 2.1. Then we have a bijection
between the sets of irreducible components of the special fibres.
We will prove that a Mustafin variety M P (Γ) is semi-stable if Γ is convex (cf. [Fal01] ). In particular if we denote by ⋀ k Γ st the convex closure of ⋀ k Γ st , then M P ⋀ k Γ st is a semistable resolution of M P ⋀ k Γ st . Moreover M P ⋀ k Γ st is given by a sequence of blow-ups M P ⋀ k Γ st → P(⋀ k Λ 0 ) (cf. [Fal01] ). The candidate M is now defined as the strict transform M → Gr k (Λ 0 ) of the Plücker embedding Gr k (Λ 0 ) ⊆ P(⋀ k Λ 0 ) under this sequence of blow-ups.
Although we are not able to show the semi-stability of M, we can still show the theorem below under some technical conditions. Let us denote by S pl the blow-up of M P ⋀ k Γ st constructed similarly to the blow-up S → M Gr k Γ st (see Section 3 for a more detailed discussion).
Proposition. Assume Conjecture 2.1 and that S is semi-stable. Then S and M coincide in both of the following cases:
union of irreducible components
We should also remark that it is not hard to show that for n ≤ 4 all the candidates M, S and G are isomorphic and give semi-stable resolutions of M loc .
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Mustafin Varieties
In this chapter we will start by defining Mustafin varieties M Gr k (Γ) for two natural numbers n and k and a finite set Γ of homothety classes of lattices in K n . These schemes first appeared in [Mum72, Chapter 2] for k = 1 and n arbitrary and were studied later by Mustafin Definition 1.1. For two reduced and separated O-schemes X 1 and X 2 with identical generic fiber X 1,K = X 2,K the join X 1 ⋁ X 2 is defined as the scheme theoretic closure of the generic fiber
Definition 1.2. Let Γ be a finite set of homothety classes of O-lattices in K n for a fixed n ∈ N and Γ rep be a set of representatives. For a lattice Λ ∈ Γ rep and a fixed k ∈ [n] the inclusion Λ ⊆ K n identifies Λ ⊗ O K ≅ K n and hence the generic fiber of Gr k (Λ) is naturally isomorphic to Gr k (K n ). The Mustafin variety is now defined as the join M Gr k (Γ) ∶= ⋁ Λ∈Γ rep Gr k (Λ) over O.
Remark 1.3. For two representatives Λ and π m Λ of the same homothety class we get a canonical isomorphism Gr k (Λ) ≅ Gr k (π m Λ) and hence up to canonical isomorphism the definition is independent of the choice of representatives.
Remark 1.4. Using the flatness of the local model M loc , shown in [Gör01] , and the embedding M loc ⊆ ∏ [Λ]∈Γ st Gr k (Λ) we observe that the local model agrees with the closure of its generic fiber. Hence the local model coincides with the Mustafin variety M Gr k Γ st . Definition 1.5. For a finite set Γ of O-lattice classes in K n and a subset Γ ′ ⊆ Γ the projection
by pr Γ,Γ ′ . For the case Γ ′ = {[Λ]} we will also write pr Λ for pr Γ,Γ ′ whenever Γ is clear from the context. These projections will play an important role in the following so let us collect some of their properties.
Lemma 1.6. [Häb14, Lemma 3.1] For finite sets of lattice classes Γ ′ ⊆ Γ and an irreducible component
Definition 1.7. A finite set Γ of O-lattice classes in K n is called convex if for any two classes [Λ], [Λ ′ ] ∈ Γ and any representatives Λ and Λ ′ the class of the intersection Λ ∩ Λ ′ is again in Γ.
For an arbitrary finite set of O-lattice classes Γ the intersection of all convex sets containing Γ is called the convex closure and is denoted by Γ.
Remark 1.8. This notion of convexity plays an important role for example in [Fal01] . In [JSY07] a reformulation relating it to the notion of tropical convexity was given. This reformulation is based on the identification of an apartment of the Bruhat-Tits building with the points Z n Z(1, . . . . , 1) of the tropical projective torus R n R(1, . . . . , 1) (see for example [CHSW11, Chapter 4]). In [CHSW11, Chapter 2] also the relation to the more intrinsic notion of metrical convexity is discussed. We call Γ metrically convex if for [Λ] and [Λ ′ ] in Γ all geodesics for the graph metric of the Bruhat-Tits building are contained in Γ, i.e. any
is contained in Γ. Since this equality is satisfied for [Λ ′′ ] with Λ ′′ = π n Λ ∩ π n ′ Λ ′ we see that metrical convexity implies convexity in the sense of Definition 1. 
To indicate the importance of convexity let us cite the following lemma. 
Mustafin varieties as blow-ups.
In this section we focus on the much better understood case of Mustafin varieties of projective spaces. We will prove in Proposition 1.23 that for a convex set of lattice classes Γ the Mustafin variety M P (Γ) is semi-stable. This was first proven by Mustafin in [Mus78, Proposition 2.1] for the case that Γ forms a simplex and generalised by Faltings in [Fal01, Chapter 5] to the convex case. For the proof Faltings uses the moduli description of M P (Γ) and then easily reduces to the case of a simplex.
In contrast to this approach we will analyse the description of M P (Γ) as a sequence of blow-ups (cf. [Fal01, proof of Lemma 5]) and will reprove with Proposition 1.20 that for any Λ in Γ the Mustafin variety is obtained by a sequence of blow-ups starting with P(Λ) in smooth centers. Using [Gen00, Lemma 3.2.1] saying that blow-ups preserve semi-stability under some hypothesis, we are able to reprove the semi-stability of M P (Γ) for convex sets of lattice classes in this way. Before we prove the claims above, we will start with some technical preparations.
. Moreover the blow-ups coincide with the join
together with the projections pr 1 and pr 2 to its factors. The situation is summarised in the following commutative diagram:
} is still convex. The projection pr Γ∖{[Λ]},Γ will turn out to be a blow-up. First we define a closed subscheme Z Γ,Λ ⊆ M P (Γ ∖ {Λ}) that will turn out to be the center of the blow-up. Fix a representative Λ for the homothety class [Λ] and for every lattice class
endowed with the reduced scheme structure as the complement of the open subscheme where the induced birational map P(Λ ′ ) ⇢ P(Λ) is defined. This closed subscheme can be identified with P(V Λ ′ ⊆Λ ) ⊆ P(Λ ′ ) κ for the module V Λ ′ ⊆Λ defined as the kernel of the map Λ ′ κ → Λ κ induced by the inclusion. We obtain the following commutative diagram:
Now we take all the inverse images pr −1 Λ ′ (Z Λ ′ ⊆Λ ) under the natural projections and define Z Γ,Λ ∶= ⋂
denotes the neighbouring relation defined above.
In Remark 1.10 we have explicitly calculated the convex set
Since Γ is convex the closure above is contained in Γ. Now we fix a representative Λ ′ and take the representatives for [Λ i ] such that Λ i ⊇ Λ ′ ⊈ πΛ i for 0 < i ≤ k. We claim that for these representatives we have the inclusions
We prove this claim by induction. Since the case k = 1 is trivial let us assume we have the inclusions above for k − 1. Now take the representative for [Λ k ] such that Λ k ⊇ Λ k−1 ⊇ πΛ k . We want to see that this representative has the property Λ k ⊇ Λ ′ ⊈ πΛ k . If we assume that πΛ k ⊇ Λ ′ , the sequence
is a path of smaller length contradicting the minimality. Hence the claim is proven. Now the inclusion Λ ′ ⊆ Λ factors through the representative Λ k−1 of a neighbour of [Λ] and therefore V Λ ′ ⊆Λ is contained in V Λ ′ ⊆Λ k . The inclusion induces the following commutative diagram
and therefore we get pr −1
and we get pr −1
Next we want to prove the claims of the beginning of this section by induction. Therefore we first we need to cite the following proposition by Mustafin for the induction start and the lemma below by Faltings to prove the induction step. 
Lemma 1.19. Let Γ be a finite convex set of O-lattice classes in K n with at least two elements and [Λ] in Γ such that Γ∖{[Λ]} is still convex. Then we can describe the map pr Γ,Λ by the blow-
Proof. We prove the statement by induction on the number of lattices in Γ. The base case Γ = {[Λ 1 ], [Λ 2 ]} for the induction was shown in Proposition 1.16.
From Lemma 1.15 we know that in the case where Z Γ∖{[Λ]},Λ ′ and Z Γ∖{[Λ ′ ]},Λ are not disjoint one has to be contained in the other and we can prove the statement for every case separately. We will first prove Case (1) and then deduce Case (2). The remaining Case (3) is proven analogously. We begin by proving the second part of the lemma i.e. that Z Γ,Λ is the total transform
and we have equality since by the assumption of case (1) we have the inclusion
We just have proven that the center Z Γ,Λ is the total transform Z tot Γ∖{[Λ ′ ]},Λ . To finish the proof we need to do some identifications summarised in the following diagram:
With Lemma 1.12 we then can identify the two blow-ups BL Z tot Proof. Proving the statement by induction on the number of classes in Γ, we can assume the statement is true for a convex set of lattice classes Γ with i elements. Now for a convex set of lattice classes Γ with i + 1 elements and a class [Λ] in Γ we use Lemma 1.17 to find a lattice class
is obtained by a sequence of blow-ups of P(Λ) in smooth centers by assumption and the map
is a blow-up in a smooth center by Lemma 1.19.
Remark 1.21. For two classes [Λ] and [Λ ′ ] in a convex set Γ, the two irreducible components C Λ and C Λ ′ of M P (Γ) κ are the exceptional divisors of the blow-ups pr Z Γ,Λ and pr Z Γ,Λ ′ respectively. Using Lemma 1.15 it is easy to see, that C Λ and C Λ ′ are disjoint if [Λ] and [Λ ′ ] are not neighbours. Also the converse is true and a proof can be found in [CHSW11, Theorem 2.10].
We are now prepared to use the description of Mustafin varieties as a sequence of blow-ups and the following lemma on semi-stability under blow-ups to get a new proof of the semi-stability of M P (Γ) for Γ convex (cf. [Fal01, Chapter 5]). Proof. Fix a class [Λ] in Γ. We will prove by induction on the number of elements of Γ that the center Z Γ,Λ in M P (Γ ∖ {[Λ]}) satisfies the conditions of Lemma 1.22 and hence M P (Γ) is semi-stable. Since we already know that Z Γ,Λ is smooth, we are left to show that 
The other case is proven analogously. In particular by Case (2) of Lemma 1.19 this implies that Z Γ,Λ is the strict transform of Z Γ∖{[Λ ′ ]},Λ . By induction hypothesis we know that we can choose anétale local presentation for
Again by induction hypothesis we know that both 
Proof. From Lemma 1.11 we get for every class ]} is still convex. We fix notation as in the
The blow-up pr Λ,Λ ′′ restricts to an isomorphism on pr Λ (C Λ ′ ) and similarly pr Λ ′′ restricts to an isomorphism on C Λ ′ . Now the image pr Λ ′′ (C Λ ′ ) is again an irreducible component and by induction hypothesis we know that pr −1
Using the previous step we can assume that [Λ ′′ ] is a neighbour of [Λ ′ ]. Now pr Λ ′′ restricts to an isomorphism on C Λ and similarly pr Λ,Λ ′′ restricts to an isomorphism on pr Λ (C Λ ). We now compute 
Then C Λ ′′ and C Λ ′′′ are disjoint. In particular for every irreducible component C of M P (Γ) κ we get 
is the intersection of the inverse images of the images of C Λ ′ under the projections pr Λ,Λ ′′ ○ pr Λ and pr Λ,Λ ′′′ ○ pr Λ . Now using the induction hypothesis we know that the inverse image of the image of pr Λ ′′ (C Λ ′ ) under pr Λ ′′ ,Λ is either pr Λ ′′ (C Λ ′ ) or pr Λ ′′ (C Λ ′ ) ∪ pr Λ ′′ (C Λ ) and similarly for Λ ′′′ . Together we get the inverse image of the image of
For the remaining case we recall from Remark 1.18 that Γ is the convex closure of the set of
By the previous steps we can assume that the set
Hence Γ is contained in a simplex and we refer to the explicit calculations of the blow-up in [Mus78, proof of Proposition 2.1] .
The Plücker embedding for M Gr k Γ st
In this chapter we fix two integers n ∈ N and 0 ≠ k ∈ [n]. As in the introduction we denote by Γ st the standard lattice chain in K n and try to get a relation between the irreducible components of the special fibres of the two Mustafin varieties M Gr k Γ st and M P ⋀ k Γ st . In general for any finite set of lattice classes Γ the image in M P ⋀ k Γ κ of an irreducible component C gr of the special fiber of the Mustafin variety M Gr k (Γ) κ is again irreducible and hence lies in some irreducible component C pr of M P ⋀ k Γ κ . For the standard lattice chain Γ st with k = 2 or n ≤ 5 and conjecturally for all n this component C pr is unique. On the other hand we show that in these cases every irreducible component of M P ⋀ k Γ st κ arises in this way and hence we get a bijective correspondence of irreducible components of the two Mustafin varieties.
Irreducible components and linear subspaces.
It is well known that the irreducible components of M Gr k Γ st κ can be indexed by the subsets I ⊆ [n] with k elements. We denote the set of those subsets in the following with [n] k . As a first step we will define certain linear subspaces P(V I ) indexed by I ∈ [n] k . For these subspaces, we will prove that for every I there is a unique irreducible component of M P ⋀ k Γ st k and {e i } is the standard basis K n . We define a partial order on this basis by setting These subspaces are related to the classical theory of Schubert varieties and we recall their definition.
k the Schubert variety X I of Gr k (Λ 0 ) κ is the reduced subvariety on the set of subspace W ∈ Gr k (Λ 0 ) such that for all t ∈ [k] we have dim W ∩ ⟨e 0 , . . . , e it ⟩ = t and dim W ∩ ⟨e 0 , . . . , e i l < t for all l < i t .
The vector spaces defined above were constructed to describe the Schubert varieties of Gr k (Λ 0 ) κ under the Plücker embedding. 
Remark 2.4. Let us recall from Lemma 1.11 that for an irreducible component C in M P ⋀ k Γ st κ there is a unique lattice Λ C in ⋀ k Γ st such that under the projection
C surjects onto P(Λ C ) κ . And conversely for every lattice Λ in Γ st there is a unique irreducible component C of M P ⋀ k Γ st κ surjecting to P(Λ).
The inclusion Λ ⊆ ⋀ k Λ 0 gives us a birational map P(Λ) ⇢ P(⋀ k Λ 0 ). Note that for another representative Λ ′ of [Λ] we can use the identification Λ ′ = π r Λ for some r ∈ Z to precompose the birational map with the induced isomorphism P(Λ ′ ) ≅ P(Λ) and to get a birational map with the same image. We now can identify the special fibers of the images of these birational maps with the images of irreducible components of M P ⋀ k Γ st κ .
Lemma 2.5. Using the notation above we have an equality of sets
Proof. Recall from Lemma 1.6 that for a class [Λ] in Γ st the projection M P Γ st → P(Λ) restricts to a birational morphism C Λ → P(Λ). This implies that the two images pr 0 P (C) and Im(P(Λ C ) ⇢ P(⋀ k Λ 0 )) κ coincides. Using the bijection between irreducible components of M P Γ st κ and lattices in Γ st discussed in the remark above, the result follows. Remark 2.6. For two O-lattices Λ, Λ ′ in ⋀ k K n and Λ maximal in the class [Λ] with Λ ⊆ Λ ′ the induced birational map P(Λ) κ ⇢ P(Λ ′ ) κ is defined away from the linear subspace P(ker(Λ κ → Λ ′ κ )) ⊆ P(Λ) κ . In particular the image Im(P(Λ) ⇢ P(Λ)) κ can be computed as P(Im(Λ κ → Λ ′ κ )). Therefore we will focus in the following on understanding the submodules Proof. Let us start by determining the images of ⋀ k Λ i for Λ i in Γ st . For the lattice π l ⋀ k Λ i with l ∈ Z we get
k and hence we can determine the image as
Now if l > min{k, i} no I satisfies the condition for e J to appear and the image is trivial. Hence let us assume that l ≤ min{k, i}. Defining
gives the reformulation of the condition ♯(I ∩ [i]) ≥ l to the condition I ≤ I l i . Altogether we conclude Im
Since every lattice Λ representing a class in ⋀ k Γ st is the intersection of lattices of the form as above we need to understand the behaviour of the images under intersections. Consider two representatives Λ, Λ ′ of classes in ⋀ k Γ st with images
Hence for all lattices Λ representing a class in ⋀ k Γ st we can find a set I(Λ) ∈ [n] k such that Im(Λ κ → ⋀ k Λ 0,κ ) coincides with V I(Λ) . The converse will follow directly from the following lemma. In this case Λ is uniquely determined since we get 
and hence the lemma is proven for all [Λ] ∈ ⋀ k Γ st .
Remark 2.11. Using Lemma 2.10 and Lemma 2.9 every lattice [Λ] ∈ ⋀ k Γ st is determined by the images Im((π l Λ ∩ ⋀ k Λ 0 ) κ → ⋀ k Λ 0,κ ) for varying l. But in Lemma 2.7 we already computed the images Im
and 0 ≤ l ≤ k, i. In particular for a fixed i ∈ [n] these images for all 0 ≤ l ≤ min{k, i} are determined by the image for l = min{k, i}. In the lemma below we will generalise this to arbitrary lattices in ⋀ k Γ st .
Example 2.12. For n = 5 and k = 2 we will illustrate the last remark by the example π 2 ⋀ 2 Λ 2 . Using the basis {e I I ∈ [5] 2 } this lattice is spanned by e {0,1} , πe {i,j} for 0 ≤ i ≤ 1 < j ≤ 4 and π 2 e {i,j} for 2 ≤ i < j ≤ 4. The image Im(π 2 ⋀ 2 Λ 2,κ → ⋀ 2 Λ 0,κ ) is the submodule spanned by e {0,1} and we recover 
we use that for i and 0 < l ≤ min{i, k} we have
. . , n − 1} if and only if i l−1 ≤ i − 1. In particular for two subsets I = {i 0 , . . . , i n−1 } and J = {j 0 , . . . , j n−1 } in [n] k we see that for min{I, J} = {min{i 0 , j 0 }, . . . , min{i n−1 , j n−1 }} we get
Hence we get an equality of sets
Inductively we now define I[l] to be the shift I[l − 1][1]. All representatives of a class [Λ] in ⋀ k Γ st have the form Λ = ⋂ j∈J π l j ⋀ k Λ j for some J ⊆ [n] and l j ∈ Z. If we now take the unique representative maximal with Λ ⊆ ⋀ k Λ 0 we can can assume that 0 ∈ J, l 0 = 0 and l i > 0 for i ∈ J ∖ {0}. If we note that
Inductively we can determine the images for all lattices in {Λ, ⋀ k Λ 0 } from the image of Λ and hence the class [Λ] is fully determined by its image.
Example 2.14. Let us give an example for the last lemma. We fix n = 6 and k = 3 and want to find the unique lattice Λ in ⋀ 3 Γ st with I(Λ) = {0, 2, 3}. We write Λ = ⋂ i∈[6] π n i ⋀ 3 Λ i . If Λ is maximal in its homothety class with Λ ⊆ ⋀ 3 Λ 0 then it is easy to see that n 0 = 0 and n i ≥ 0 for i ≠ 0. Write Λ in the basis of ⋀ 3 K 6 as ⟨π m I e I I ∈ [6] 3 ⟩. By assumption we have
i for all i. Using the notation from Remark 2.11 we get I(Λ) = min i {I n i i }. Note that the subsets smaller than I(Λ) are {0, 1, 2}, {0, 1, 3} and {0, 2, 3}. But now we note that π ⋀ 2 Λ 1 ⊆ π ⋀ 2 Λ 2 ∩ π ⋀ 2 Λ 3 ∩ ⋀ 2 Λ 0 and π 3 ⋀ 2 Λ 4 ⊆ π 2 ⋀ 2 Λ 3 ∩ π 3 ⋀ 2 Λ 5 . Hence we get Λ = π ⋀ 2 Λ 1 ∩ π 3 ⋀ 2 Λ 4 . Now we can check I ⋀ 2 Λ 1 = I 1 2 = {0, 4, 5} and I π 3 ⋀ 2 Λ 4 = I 3 4 = {1, 2, 3} and hence I(Λ) is min{{0, 4, 5}, {1, 2, 3}} = {0, 2, 3}.
Definition 2.15. For I in [n] k Lemma 2.13 gives us a unique lattice in Γ st such that the image Im(Λ I,κ → ⋀ k Λ 0,κ ) is I. In the following this lattice will be denoted by Λ I . Using Lemma 2.5 we now get a unique irreducible component of M P Γ st κ surjecting to P(Λ I ). This component will be denoted by C I . Proposition 2.16. We get a bijection
k C → pr 0 P (C). And moreover for a linear subspace P(V I ) for I ∈ [n] k the inverse image (pr 0 P ) −1 (P(V I )) is the union ⋃ J≤I C J of irreducible components.
Proof. In Lemma 1.11 we showed that the number of irreducible components of M P (Γ) κ coincides with the number of elements in Γ whenever Γ is a convex set of lattice classes. Using Lemma 2.13 we now get n k as the number of irreducible components of M P Γ st . Using Lemma 2.7 the images pr Conjecture 2.1. We get a bijection
Remark 2.17. We already know from Lemma 1.6 that for an irreducible component C of
surjecting to C. Hence to prove the conjecture we just need to show that the images pr P (C) are irreducible components.
As evidence for the conjecture we have the following two proposition. We will omit the proof of the first proposition and refer to [Gor19, Appendix C] for explicit calculations using Sage.
Proposition 2.18. Conjecture 2.1 is true for n ≤ 7.
Proposition 2.19. For k = 2 Conjecture 2.1 is true.
The proof of the second proposition will occupy us for the rest of this section therefore let us first indicate one important immediate consequence of the Conjecture. Furthermore we will describe a method to approach the conjecture in general before we prove the proposition.
Theorem 2.20. Assume Conjecture 2.1. Then we get a bijection Remark 2.21. In [AL17] a combinatorial method was described to compute dimensions of certain images of rational maps using a result by [Li18] . To describe this method and the implication we want to use, we need the following setup. Note that we use the dual notion of projective space compared to the reference. Fix a finite set of lattice classes Γ in K n , an irreducible component C of M P (Γ) κ and a class [Λ] in Γ. Take a representative Λ = ⟨π m I (Λ) e I ⟩ of [Λ] and a representative Λ C = ⟨π m I (Λ C ) e I ⟩ of the class corresponding to the irreducible component C. Choose Λ C to be maximal with Λ C ⊆ Λ. We define the subset
and construct the set
The following result describes how this combinatorial data encodes the dimension of the image pr P (C). Since the image pr P (C) is clearly irreducible, it is enough to show dim(pr P (C)) = n k − 1. It is now possible to apply Proposition 2.22 directly for Γ = ⋀ k Γ st but we also might first do the following reduction steps and apply the proposition to a simpler set of lattice classes. We recall that using Lemma 1.6 the image of C in M P ⋀ k Γ st κ is clearly an irreducible component if [Λ C ] is already in ⋀ k Γ. Hence we just have to check the cases where
Now we can find a subset Γ C of ⋀ k Γ st minimal such that Γ C contains [Λ C ]. With out loss of generality we can further assume that the homothety class of ⋀ k Λ 0 is contained in Γ C . By Lemma 1.6 and Lemma 1.11 the image of C in M P Γ C κ is an irreducible component. And using Lemma 1.6 again we see that the image of C in M P (Γ C ) κ is an irreducible component if and only if the image in M P ⋀ k Γ st κ is an irreducible component. We now reduced to compute the dimension of the image of C in M P (Γ C ). Applying Proposition 2.22 to Γ = Γ C , this is equivalent to M ( [n] k − 1, C) not being empty. In general the sets Γ C can be difficult to determine, but for k = 2 we have the following easy description.
Proof. Take [Λ] in ⋀ 2 Γ st arbitrary. Then Λ is of the form ⋂ i∈I π n i ⋀ 2 Λ i for some I ⊆ [n] and without loss of generality we have 0 ∈ I, n 0 = 0 and n i > 0 for all i ∈ I ∖ {0}. Further assume that I is minimal, i.e. Λ is properly contained in ⋂ i∈J π n i ⋀ 2 Λ i for all proper subsets J ⊂ I. Now we note that for all i ∈ I we have π n i ⋀ 2 Λ i ⊆ ⋀ 2 Λ 0 if n i ≥ 2. Using the minimality of I we conclude that n i = 1 for all i ∈ I ∖ {0}. But since p ⋀ 2 Λ i ⊆ π ⋀ 2 Λ j for i ≤ j we again see by the minimality of I that ♯ I ≤ 2.
We can now prove Conjecture 2.1 for k = 2.
Proof of Proposition 2.19 . Fix an irreducible component C of M P ⋀ 2 Γ st . Following the idea described in Remark 2.23 and Lemma 2.24 we just have to prove M ( n 2 − 1,
The Plücker embedding.
To relate the local model as a Mustafin variety to the well understood Mustafin varieties for projective spaces, we want to use the Plücker embedding. For every lattice Λ i in Γ st we consider the Plücker embedding
and the projections pr i
where we get the map Pl Γ st since we have it on the generic fiber and M Gr k Γ st is flat.
Remark 2.25. In [Häb11, Proposition 4.5] (or [Häb14, discussion after Definition 2.1]) it was claimed, that the diagram above constructed for every convex set of lattice classes Γ is cartesian, i.e. inside ∏ [Λ]∈Γ P(⋀ k Λ) the Mustafin variety M Gr k (Γ) is the intersection of ∏ [Λ]∈Γ Gr k (Λ) and M P ⋀ k Γ . Let us illustrate in the example {[Λ 0 ], [Λ 1 ]} ⊆ Γ st that this claim is not true. To give an explicit example for n = 4 and k = 2 let us identify Λ i for i ∈ {0, 1} with O 4 with basis {e i } i=0,...,3 . The map Λ 0 → Λ 1 is now given by multiplying the basis vector e 0 with π. Further we use the order e 0 ∧ e 1 , e 0 ∧ e 2 , e 0 ∧ e 3 , e 1 ∧ e 2 , e 1 ∧ e 3 , e 2 ∧ e 3 for the basis of ⋀ 2 Λ i = ⋀ 2 O 4 . First we recall the moduli descriptions of the two Mustafin varieties. For an O-algebra R the R-valued points of M Gr 2 ({[Λ 0 ], [Λ 1 ]}) are given by
where the flatness of the moduli functor was proven in [Gör01] . Since ⋀ 2 Λ 0 , ⋀ 2 Λ 1 is convex, also M P ⋀ 2 Λ 0 , ⋀ 2 Λ 1 has a moduli description. It is cut out of P 5 (R) 2 by conditions imposed by the two inclusions ⋀ 2 Λ 0 ⊆ ⋀ 2 Λ 1 and ⋀ 2 Λ 1 ⊆ π −1 ⋀ 2 Λ 0 (see [Fal01, Definition 4] ). The R-valued points of M P {[⋀ 2 Λ 0 ], [⋀ 2 Λ 1 ]} are given by {(L 0 , L 1 ) ∈ P 5 (R) 2 ∶ diag(π, π, π, 1, 1, 1)L 0 ⊆ L 1 , diag(1, 1, 1, π, π, π)L 1 ⊆ L 0 }.
Consider the pair (F 0 , F 1 ) in Gr 2,4 (κ) 2 with F 0 = ⟨e 0 , e 3 ⟩ and F 1 = ⟨e 1 , e 2 ⟩. This pair is not point
Hence we have an element in
But assuming Conjecture 2.1 we can still get a relation in the following sense.
Proposition 2.26. Assume Conjecture 2.1. Then the Plücker embedding
Before we prove this proposition let us discuss some properties of the irreducible components of M Gr k Γ st κ . The extended affine Weyl group W for GL n is the semi direct product W ×Z n of the finite Weyl group W = S n with Z n . The extended affine Weyl group is not a Coxeter group but we equipped with the Bruhat order induced by the Coxeter group W aff . Fix the minuscule coweight µ = (1 k , 0 n−k ). A detailed discussion of these groups see [KR00] . For a Coxeter group (W, S) and some subset S ⊆ S denote by W S the subgroup of W generated by S. For an element x ∈ W we denote by x S the unique element of minimal length in the orbit W S x. The set of these elements endowed with the quotient group structure is denoted by W S .
The idea for this lemma is to use a more general Lemma below which describes the Schubert varieties in the affine flag variety F using their projections pr i to the affine Grassmannians G i for i ∈ [n]. To apply this lemma we use the embedding M Gr k Γ st κ = M loc κ ⊆ F constructed in [Gör01, chapter 4.2] and the observation that under this embedding the irreducible components of M Gr k Γ st κ are Schubert varieties in F see [Gör01, Proposition 4.5 (iii) ]. Now fix a Schubert variety X w in F for some w ∈ W . This variety is the union ⋃ w ′ ≤w X ○ w ′ of Schubert cells. Since the inverse image pr −1 i (pr i (X w )) of the image of X w in G i is invariant under the Iwahori action for all i, it is a union of Schubert cells. In particular this union is precisely the union over all elements w ′ in W congruent modulo W aff S i to an element w ′′ ≤ w. With out loss of generality we can assume that w is in W aff and hence also w ′′ and w ′ are in W aff . In particular for an Schubert variety X I of Gr k (Λ 0 ) κ the inverse image pr 0 Gr −1 (X I ) is the union ⋃ I ′ ≤I C I of irreducible components. All the embeddings and projections above are compatible, i.e. we have the following commutative diagram:
In particular it is enough to apply the following theorem and prove the lemma below on Schubert varieties of affine flag varieties. the Schubert variety X I in Gr k (Λ 0 ) is the intersection of the linear subspace P(V I ) with the image of Gr k (Λ 0 ) under the Plücker embedding. Although this statement was formulated for Schubert varieties in Gr k (Λ 0 ) and the linear subspaces in P(⋀ k Λ 0 ) it is certainly true for all lattices in Γ st and we will make use of this fact. Let us consider the following diagram
For an irreducible component C gr 
and by looking at the injections in the diagram
We have shown that we get C gr we have shown the result.
A candidate for a semi-stable resolution of M loc
With the notation from the last chapter it is an interesting problem to find a semi-stable resolution of the Mustafin variety M Gr k Γ st for the standard lattice chain Γ st . In general it is not known to be possible, but in Section 1 we have proven that for k = 1 the Mustafin variety M P Γ is indeed semi-stable for every convex set Γ of lattice classes (cf. [Fal01] ). This generalises the classical case M P Γ st of Drinfeld. In [Gen00] a semi-stable resolution for n ≤ 6 was constructed for a symplectic analogue of the problem via a blow-up of the Grassmannian of isotropic submodules in Schubert subvarieties of the special fiber. Adapting this idea as indicated in [Gen00, remark (3) following Theorem 2.4.2] we arrive at a candidate for a semistable resolution as follows.
Definition 3.1. We set G 0 ∶= Gr k (Λ 0 ) and inductively for 1 ≤ i < (n − k)k define G i to be the blow-up of G i−1 in the union of the strict transforms of the Schubert varieties of dimension i − 1 in the special fiber of Gr k (Λ 0 ). The last blow-up G (n−k)k−1 will be denoted by G. Now two questions arise.
(i) Is the blow-up G semi-stable? (ii) Does the map G → Gr k (Λ 0 ) factor through the Mustafin variety M Gr k (Λ 0 )?
It is well known that the singular locus X sing I of a Schubert variety is again a union of Schubert varieties. This gives some hope that the centers in this sequence are in fact smooth. And to analyse the first question Genestier has proven Lemma 1.22 showing that blow-ups preserve semi-stability when the centers lie in the special fiber, are smooth over κ and intersect the singular locus nicely. Unfortunately in general the answer to the second question is no. In [Gor19, Appendix D] we explicitly calculate the case n = 5 and k = 2. The result is semi-stable, but does not factor through the Mustafin variety M Gr k Γ st . To emphasise that this computations can easily be done by hand, let us shortly describe the steps involved. First we recall that by the universal property of the join, a morphism to M Gr k Γ st is the same as maps to all factors Gr k (Λ i ) agreeing on the common generic fiber. Now we simply have to check whether the isomorphism G K → Gr k (Λ 0 ) K → Gr k (Λ i ) K extends to morphism G → Gr k (Λ i ) K for all i and this can easily be checked by checking the vanishing of certain determinants. In the following we construct a blow-up M of Gr k (Λ 0 ) as the strict transform of the Plücker embedding Gr k (Λ 0 ) → P(⋀ k Λ 0 ) under the blow-up pr 0 P . We also define the strict transform S of the projection pr 0 Gr under the blow-up G → Gr k (Λ 0 ). Then we will show that the blow-up M → Gr k (Λ 0 ) factors through M Gr k Γ st and S. In summary we will construct the following commutative diagram:
In the second part of this chapter we will prove some relations between the candidates. The easiest is to see that if G → Gr k (Λ 0 ) factors through M Gr k Γ st then S → G is an isomorphism. We will see that S restricts to the semi-stable resolution in a neighbourhood of the most singular point for n = 5 and k = 2 constructed in [Gör04] . In particular S is a semi-stable resolution whenever G is and in at least one additional case. 
Now since pr P (M K ) is the image of M Gr k Γ st K under the embedding of M Gr k Γ st in M P ⋀ k Γ st and M Gr k Γ st is closed by construction, the map pr P M will factor through M Gr k Γ st . Proof. Fix an integer i ∈ [(n−k)k]. We need to show that the blow-up G pl i+1 → G pl i defined in Definition 3.4 is the sequence blow-ups in the total transforms of the linear subspaces corresponding to Schubert varieties of dimension i. First we note that the intersection of two distinct linear subspaces corresponding to Schubert varieties of dimension i are linear subspaces corresponding to Schubert varieties of dimension i − 1 and hence the strict transforms of the linear subspaces corresponding to Schubert varieties of dimension i are disjoint in G pl i . Therefore the blow-up G pl i+1 → G pl i can be split up as the chain of blow-ups in the individual strict transforms of the linear subspaces. Now by induction the strict transforms of linear subspaces corresponding to Schubert varieties are smooth since they are blow-ups of smooth schemes over a field in smooth centers. But the strict transforms in G pl i−1 of a linear subspace L i corresponding to a Schubert variety of dimension i and a linear subspace L i−1 corresponding to a Schubert variety of dimension i − 1 are either disjoint or L i−1 is contained in L i . Using Lemma 1.12 we identify the blow-up Bl L s
Since for blow-ups in total transforms the order does not matter, these blow-ups also agree with Bl L tot
Corollary 3.7. The blow-up M P ⋀ k Γ st → P(⋀ k Λ 0 ) factors through G pl → P(⋀ k Λ 0 ).
Proof. First recall from Proposition 2.16 that for I ∈ [n] k the inverse image of the linear subspace P(V I ) in M P ⋀ k Γ st is a union of irreducible components. From Proposition 1.23 we know that M P ⋀ k Γ st is semi-stable and hence unions of irreducible components of the special fiber are effective Cartier divisors. Using the sequence of blow-ups from Lemma 3.6 the universal property of the blow-ups inductively gives a factorisation of the projection M P ⋀ k Γ st → P(⋀ k Λ 0 ) over G pl → P(⋀ k Λ 0 ). Proof. The map M → M P ⋀ k Γ st is by construction the strict transform of the Plücker embedding Gr k (Λ 0 ) → P(⋀ k Λ 0 ) and hence is a closed immersion. Similarly S → S pl is a closed immersion. Now since M is flat the restriction of M P ⋀ k Γ st → S pl to M factors through S.
3.2.
Comparisons of the candidates. Before we go on and prove some relation between the objects constructed above, let us summarise all of them with the maps between them in the following diagram:
t t t t t t t t
Gr k (Λ 0 ) / / P(⋀ k Λ 0 )
For the case that the map G → Gr k (Λ 0 ) is factoring over M Gr k Γ st by construction we have an identification G = S. This is the first an easiest relation. For the second statement we recall that by construction M and S are the strict transforms of the Plücker embedding under the blow-up M P ⋀ k Γ st = S pl → M P ⋀ k Γ st hence they agree.
Proposition 3.13. Assume Conjecture 2.1. Then M → S is an isomorphism whenever S is semi-stable and for every irreducible component C of S pl κ the intersection C ∩ S is a union of irreducible components.
Lemma 3.15. For n = 5 and k = 2 the blow-up S → M Gr k Γ st defined above can be alternatively constructed in the following way:
(i) S 0 is set to be M Gr k Γ st (ii) S 1 is the blow-up of S 0 in the irreducible component surjecting to the 0-dimensional Schubert variety in Gr k (Λ 0 ) κ (iii) S i is the blow-up of S i−1 in the union of all strict transforms of irreducible component surjecting to i − 1-dimensional Schubert varieties in Gr k (Λ 0 ) κ Proof. Recall that by definition G i+1 is the blow-up of G i in union of the strict transform of Schubert varieties of dimension i. We will inductively show that S i+1 is the strict transform of the map pr i ∶ S i → G i under the blow-up G i+1 → G i . We have to show that for the strict transform X s I of a Schubert variety X I of dimension i under the blow-up G i → Gr k (Λ 0 ) the inverse image pr −1 i (X s I ) in S i is the strict transform Using that the irreducible components in S i,κ are precisely the strict transforms of irreducible components of M Gr k Γ st and that the irreducible component surjecting to X I is unique, we have shown the claim.
Theorem 3.16. For n = 5 and k = 2 the candidate S restricts to the semi-stable resolution defined in [Gör04] in a neighbourhood of the worst singularity of M loc .
Proof. In Lemma 3.15 we have described S by a sequence of blow-ups of M Gr 2 Γ st in irreducible components of M Gr 2 Γ st κ . Since the resolutionG is constructed in the same way, but blowing up just the strict transforms of irreducible components not corresponding to a lattice in Γ st we have locally a factorisation of S → M Gr 2 Γ st overG. Using thatG is semi-stable we now see that we get an inclusionG → S.
